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PROMINENT EFFECT OF ELECTRIC FIELD TO NONLINEAR WAVE
MIXING PROCESS IN LIQUID CRYSTALS

SHU-HSIA CHEN AND CHEN-LUNG KUO
Institute of Electro-Optical Engineering, National Chiao Tung University,
Hsinchu, Taiwan 30050, R. O. C.

Abstract The nonlinear wave mixing process in liquid crystals due to field-
induced molecular reorientation is studied. Prominent effect of electric field to
this nonlinear optical process is illustrated by optimizing the diffraction
efficiency of degenerate four-wave mixing process in nematics. The nonlinear
refrative-index change is shown not only dependent on the electric bias and
material parameters but also on the experimental geometry, such as the sample
thickness and the grating period. The numerical and experimental results
exhibiting the characteristic behaviors of this process are summarized. The
unique effect of electric bias is emphasized by comparing the diffraction
efficiency with that of the phase grating induced by oblique incident laser
beams.

INTRODUCTION

It is well know that liquid crystals are extraordinary nonlinear optical media. Even
with CW laser, the nonlinear optical effects, such as self-focusing, self phase
modulation, optical bistability and degenerate wave-mixing are readily observable in
liquid crystals. Their extremely high optical nonlinearities make them potentially
useful for optoelectronic devices. In the meantime, the electric field plays an
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important roles in nonlinear optical phenomena in liquid crystals. For example, a
quasi-static electric field can enhance laser-induced diffraction rings from a nematic
liquid-crysta) film! . The optical bistability can be induced in nematic liquid crystals
by applying an electric field2. In this paper we summarize the results of our works
on electric-field biased degenerate four-wave mixing (DFWM) process in nematic
liquid crystals.

In nematic liquid crystals (NLC), the molecular reorientation and its associated
nonlinear refractive-index change Anpng are subjected to the interaction between the
dielectric torques exerted by the resultant fields and the elastic restoring torques of
NLC.

The nonlinear coupling coefficient in the coupled-wave equations, which are
usually used to describe the nonlinear wave-mixing process3, is not a constant for
this system. It depends not only on material parameters but also on the experimental
geometry, i.e. the distorted structure in NLC. Consequently, in order to know the
detail of the nonlinear coefficient, the local molecular reorientation must be found by
continuum theory. And DFWM can be described by diffraction from an induce
phase grating for a sufficiently thin film.

In earlier studies?, one-elastic-constant approximation was made in deriving the
theoretical model and the twist deformation in the system was disregarded. With the
presence of magnetic field, it was reported> that the diffraction efficiency is a
monotonically decreasing function of the biased field and the highest efficiency is
always obtained at the freedericksz threshold value.

In 1989, we presented a modified theoretical model by considering the twist
effects in a low-frequency electric-field-biased NLC sample. We reported the first
successful explanation of the diffraction peak shift and illustrated the dramatic
suppression of the diffraction efficiency. The twist deformation is the crucial factor
accounted for these phenomena. Large peak shift and suppression of diffraction
efficiency were obtained in the experiment and calculation. In a latter study, it was
found that peaks of the same efficiency can be observed at two distinct voltages if
the phase amplitude of the induced grating is large enough’. By removing the
assumption of one-elastic-constant approximation in the theoretical model, it was
concluded that the difference of the bend and splay elastic constants for the NLC
medium could influence the optimal bias drastically, in addition to the twist
deformation8. It was shown that the optimal amplitude of the induced phase grating
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is a monotonically increasing function of the grating period, the optical intensity, and
the ratio of the bend elastic constant to that of twist. However, the dependence of the
phase amplitude on the sample thickness is quite unique?. There always exists an
optimal thickness for the peak phase amplitude.

In the following sections, a general description of the theory is presented at
first. An expression of non-constant Kerr coefficient is derived. The numerical and
experimental results which support the theoretical model for forward-wave
interaction DFWM are then summarized. The influence of the biased electric field on
the backward interaction is illustrated both numerically and experimentally by the
behavior of its diffraction efficiency. Numerical results of optimal reorientation-
angle modulation and phase amplitude for oblique incident geometry are obtained by
utilizing the modell0 of Fuh etal 's. These results are compared with that of ours for
the normal incident geometry with biased electric field.

THEORY
Consider a homeotropically aligned nematic liquid-crystal cell of thickness d with
nearly normally incident laser beams as shown in Figure 1. The nematic substance is
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FIGURE 1 Schematic diagram of DFWM in an electric-field-biased nematic
film.. (a) Structure of molecular reorientation. (b) Forward-wave
interaction geometry. (c) Backward interaction geometry.
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assumed to have positive optical and negative dielectric anisotropies, namely, ne >
no and €y <€ wheren and € denote the refractive indices and dielectric constants,
and the subscripts refer to the directions parallel and perpendicular to the director,
respectively. For a sufficiently thin sample, degenerate four-wave mixing can be
simply described by diffraction from an induced phase grating. The picture is that
the interference of two linearly polarized laser beams with intensities I and I3,
respectively, produces a sinusoidlly varying intensity pattern, I=Iy + I + 2VIj I3
cos (2nx/A), in the sample with a period A. The optical fields superpose to the
applied electric field and create a periodically distorted molecular-reorientation
structure, which then gives rise to an induced phase grating with the same period.
This phase grating diffracts the original incident beams (forward interaction), or the
reverse pumping beam (backward interaction), into both sides. Here we limit ourself
in the case of lowest-order diffraction.

Instead of using one-elastic-constant approximation, a general form which
includes splay, twist and bend terms is used for the free energy density #as
following

=1p 1(2(99-)2 +K3(1-K Sinze)(gg)zl
2 ox 0z
D1
8mey 1-w sin?0
d__To o)

©Y1-usin2e

where K = 1-K; /K3, u= l-ni/ ni, w = 1- € | /€ ; Ky, K3, K3 represent the

splay, twist and bend elastic constants, respectively; Dy is the z component of the
electric displacement; I is the optical intensity and ¢ is the velocity of light in
vacuum. We treat the forward interaction at first and use a trial solution for the
reorientational angle of local average,

08(x,z) = [01 + 02 cos(2nx/A)} sin (nz/d),
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with the boundary condition: 8(z=0) = 8(z=d) = 0. Here 0; and 07 represent the
transverse spatial average of orientational angle and the amplitude of the modulation
orientational angle, respectively. The equilibrium values of the constants 6; and 6>
can be calculated from the minimization of the total free energy, F={#Adv, by letting
dF/001=0 and dF/00,=0, we then have

01 - KG1(81,82) - (V/Vin)2G2(61,82)
- 1;G3(81,82) +(Iy1in)G4(01,62) =0 2

and

021+ 2a - KG5(01,02)] - 2I.71(261)
- [AYTm) + (V/Vi)?] G3(01,82) = 0 3

with the functions representing

G1(61.82) = 61/2
+J0(201)(01622/ 8-61/ 2)
+J1(201)(012/ 4-612672 / 8-302% / 32+56,2 / 8)
-J2(261) 01/2
+ J3(201)(012/4-012622/16-3022/8-3024/64)
- 14(201)6162%/8
+ J5(201)(302%/64+0120,2/16)
G2(61,02)=  J3(201)022/4+J1(201)(2-3622/2)/2
G3(01,82)=  62[J0(201) - J2(261)]
G4(61.82)=  J1(261)(62%/2-1)+6,2{11(261)-13(261))/4
G5(01,02)=  1/2 + Jo(201)(3622/8+012/4-1/2)+312(201)/2
-14(261)(362%/8+612/4)

where a =2(Ky/K3)(d/A)? is termed as the "twist ratio” hereafter; Vih = 7

\j 4nK3 /1 Ael is the threshold voltage with Ae =€ | - ey; Iy = (7/d)2(cK3 /
nou) is the threshold intensity; I =VI;I3 / I, and I; = I} + Ip; J; (20;) is the
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Bessel function of first kind of order i. With 82 << 1, more explicit form of 6 can
be obtained as

0, = 21,J1(261) @)

) 1+(K2/K3)(2d/A)2-[II—ﬂ‘1 + (v%)z][10(91)-J2(291)]-KGS(91,0)

The local reorientation angle 6 found by numerical method will be illustrated in
next section. Here we treat the grating structure as a perturbation on the uniform
molecular reorientation induced by the spatially average effective field under the
assumptions, 822 << 812 << 1. The analytical solutions are then obtained as

01= (s)

and

)! 2b ~
%2=a5 V1K ©

whereb=1i /I + (V/ Vin)? - 1 is the reduced effective field.
The effective refractive index n(x) for this uniaxial medivm averaging over the
sample thickness can be expressed as

n(x) =n + Anng cos(g—A@5 ) @)

where n = ng + ung[1-Jo(201)] / 4 is the spatially uniform refractive index and Annp
= ung02J1(2081) / 2 is the modulation index of the grating. For a Kerr medium, the

refractive-index change is proportional to the pump intensity, i.e. Annp = nVI11; .
The Kerr coefficient n, becomes

_ _ung  b-2b*/(1-K)

2=, (1K) (a+b) ®
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This coefficient is independent of the spatiaily modulating pump 2vTjIzcos(2nx/A),
although the uniform optical intensity I, which acts as a bias rather than the pump
here, appears in the expression of the reduced effective field b. It is obvious that the
nonlinear coefficient depends not only on the electric bias and material parameters
but also on the experimental geometry, such as the sample thickness and the grating
period.

The corresponding induced phase shift of the probing beam across the sample is

8(x) = 80 + 1 cos(zAﬂ ) ©)

where 8p =n (2n/Ag)d is the spatial average phase retardation and the modulation

amplitude of the phase grating, 8; = AnNp.(2/Ag)d, is approximated as

b - 2b%/ (1-K)
= _——= 1
1= (20dl) > (10)
in the small-reorientation regime with ¢ = mung / Ag; Ag representing the wave length
of probing beam. The phase amplitude reaches its maximum &1, at the reduced

effective field of

Q- K)a

bpm = [a aZ+>=5=]12-2 (11

The diffraction efficiency for the probing beam with intensity I, defined as the
ratio of the diffraction intensity to the total incident intensity, is derived as

N =r1312(81) + r2022(81) (12)

where r1=11/Ip,p=h /L, and I1 +I2=1.

The effect of electric field on the phase grating is exhibited by the factor b in the
above equations. The behavior of diffraction efficiency is characterized by the
properties of bessel function and the amplitude of the phase modulation. There
exists an absolute maximum diffraction efficiency in Eq.(12) with respect to the



Downloaded by [Tomsk State University of Control Systems and Radio] at 09:34 19 February 2013

138 S.-H. CHEN AND C.-L. KUO

unique phase amplitude 8y, which depends on the weights r1 and r3 only. We have
to look at the problem in two categories 6,7, Namely, 81 (the maximum value of 3;
as a function of b) is greater or less than 3y,

For 81m < 8 (single peak regime), the diffraction efficiency peaks at one
single value of the biased electric field with a maximum of 1(81m). However, when
S1m > 6m (double peak regime), the diffraction efficiency reaches its absolute
maximum N(6p,) at two distinct values of the biased electric field. It can be seen
from Eq.(10) that the phase modulation amplitude depends on the period of the
phase grating, the three elastic constants and the incident laser intensities. In order
word, a double peaks regime can always be obtained by choosing suitable
experimental geometry and physical parameters. To illustrate the behavior of the
diffraction efficiency with respect to the electric field, the optimal effective fields
bdm's (and so is the optimal bias) are derived for some special cases.

For K =0,

(—K—z)m(i) , single peak
K3 A
bgn=
- + 8 \2 . 12
8odl,
Fora=0,
0 , single peak
bgn=
0 and (l-K)W ,double peaks  (14)
i 49dl;

As long as o is much smaller than one, all the results and equations, excepting
Eq.(12), derived for the forward interaction are valid for backward interaction with
the total intensity I; representing the summation of I, I and 13. The diffraction
efficiency for the first-order diffraction of reverse incident beam I3 becomes
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n=f =136 (15)

The unique phase amplitude 8, corresponding to the maximum of 1 for the
backward geometry is 1.84 and is independent of the weights of pumping
intensities.

In order to show the uniqueness of the effect of electric field to the nonlinear
wave mixing process, the result is compared with that of the case without biased
field but with oblique incident laser beams. For K=0, using the results reported by
Fuh etal 10 for oblique incident case, we define the angle ratio

Rp = 62 of optimal electric bias

: : (16)
67 of optimal angle bias
In the small-reorientation regime, Rg is approximated to
_n(1+2a)
= 4a)172 an

This ratio is greater than one for all values of a. It is obvious that the
enhancement favors the field-biased case particularly in the regime of small twist
ratio a. As the phase amplitude 8, is regarded, one can define the phase ratio, Rg, in

the same way as

_ 81 of optimal electric bias

= : : (18)
81 of optimal angle bias

In the small-reorientation regime, Rg can be approximated as

, (1+22)(1-\2a)

R5=2. 4
8 2+VaR2

(19)

where the reduced optical anisotropy u is assumed to be 0.2476. The behavior of Rg
will be shown by numerical calculation in next section.
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NUMERICAL RESULT

In order to illustrate the prominent effect of electric field to DFWM process and the
characteristic behavior of this process with respect to the material properties and
experimental geometries, numerical calculations have been made from
Eqs.(2),(4),(7),(9), and (12). The common parameters used are ne = 1.81, ng =
1.57, 1Ael = 0.5 and I : Iz = 0.595 : 0.405. If there is no further declaration, the

variable parameters are fixed to be Iy / Ith = 0.0765, d=100 pm, A=100 pm, Ky =
5.8 x 10-7 dyn, K2 = 4 x 10-7 dyn and K3 = 7.5 x 107 dyn.

165 9
L ly ]
L &, 8r 1.6
16 7F
1 5 35 6 -1.2‘;\
— 8 =}
3 TR RN x
= = = 4t 08 =
@t 13—, &
1 M los
- 1 1k
Ly | AN S
0 0 0¢5 140 165 0 05 1.0 165
b b
(a) (b)

FIGURE 2  General effects of biasing field. Numerical results of (a)
reorientation angle 81 and 02; (b) amplitude of phase grating
01 and diffraction efficiency N vs the reduced effective field b
with d = 50pum, and I;/ Ii, = 0.01.

The peak shift phenomena are shown by curves of the average reorientational
angle 01, modulation angle 62, phase amplitude 8; and diffraction efficiency 1
versus the reduced effective field b with fixed optical intensity in Fig.2 as predicted
by Eq.(6) and (10). In Fig.3, the peak phase amplitude 81, is increased by
increasing the grating period A, so that the diffraction efficiency is shifted from
single- to double-peak regime.
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FIGURE 3 Numerical results of (a) phase amplitude 61, and (b) diffraction

efficiency n vs reduced effective field b. Capitalized letters from
A 1o F represent curves with A=1 = 0.003, 0.006, 0.01, 0.012,
0.014, and 0.018, respectively.
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FIGURE 4  Optimal field bgm vs the reciprocal of grating period A-1. (a)

Numerical results with typical conditions. (b) Experimental
results with Iy / Ih = 0.209 and d = 110um.
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The optimal bias bgn, for diffraction efficiency are found with respect to related
variables to exhibit the crucial influence of the twist effect. As shown in Fig.4(a) for
small grating period, bgm is a single valued function. However, it becomes a double
valued function for sufficient large grating period. This means, for large A, that
double peaks of diffraction efficiency can be obtained. The peak shift ,e.g., the
value of bgm, of first peaks increases as the grating period decreases due to the twist

effect.
1.2 H 1.5
1 ‘ [
081 1.0F ()
£ L
5 0 | s |
[ :
ontl i 0.5}
0.2 . K :
L L ®
p—t———— 1 Lol n 0 0 1 1 1 1 ) 1
0  0.02 0.04 0.06 008 0 012 0 0 02,
(a) (b)

FIGURE 5 Optimal field bgmy vs the reduced intensity I; / Ii. (a) Numerical
results with typical conditions. (b) Experimental results with d =
92um and A = 146um. Solid lines are a guide to the eyes.

The effect of the optical intensity is shown in Fig.5(a). It can be understood that
a stronger optical pump will induce a more steeply modulated grating then a larger
diffraction efficiency can be obtained. It is also seen that by, is independent of I; /
Iih in single peak regime while it spreads out with I; / I, in the double-peak regime.
Therefore, the larger the reduced optical intensity I; / I, is, the smaller the optimal
voltage is needed, since the biasing field b is composed of electric and spatially
uniform optical fields.



Downloaded by [Tomsk State University of Control Systems and Radio] at 09:34 19 February 2013

PROMINENT EFFECT OF ELECTRIC FIELD 143

The physical parameters of NLC materials such as elastic constants will
influence the efficiency-optimization problem drastically. Fig.6(a) and 6(b) show the
effects of elastic-constant ratios, namely, K2 / K3 and K=1-K / K3 which are the
intrinsic propaties of the material. The curve in Fig.6(a) exhibits the twist effect by
the twist elastic-constant directly. while the behavior of bgy curve in Fig.6(b) is
attributed to the competing influences of splay and of bend elastic torques on the
molecular reorientation.
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FIGURE 6 Optimal field bgm, vs the elastic-constant ratios, (a) K2 /K3 and
(b) K. ’

The phase amplitude 81 and diffraction efficiency 1 versus the reduced effective
field b for typical condition is shown in Fig.7(a) and 7(b) both for forward and
backward interactions. It is obvious that they have similar behaviors.

In order to compare the electric biasing effect with the oblique incident effect,
the numerical calculation is made for the reorientational angle 62 at the optimal
electric bias and optimal angle bias separately. And the angle ratio Rg, defined in
Eq.(16), is plotted versus the twist ratio a as shown in Fig.8(a). The value of Rg is
always greater than one as predicted by the approximated formula in Eq.(17). It is
obvious that the enhancement favors the field-biased case, particularly in the regime
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FIGURE 7 Comparison between forward and backward interaction DFWM.
Numerical results of phase amplitude 8; and diffraction efficiency
1 versus b for (a) forward interaction (r1= 0.595 and r=0.405),
(b) backward interaction (ry=r3=0.4 and r9=0.2). Other
parameters are the same as that used in Fig.2. (c) Experimental
results of backward interaction with d=75um, I/l =0.021, and
Iy: 1p:13=0.71:1:1.6. The solid line is a guide to the eyes.
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of small twist ratio, where the optimal biasing field is around the threshold and the
critical enhancement of static field on DFWM becomes more significant. Similarly,
numerical results of Rg as calculated according to the definition in Eq.(18), for three
different reduced optical anisotropies us are shown in Fig.8(b). In the regime of
larger twist ratio, e.g., a=0.5, the optimal phase in normal-incidence case is even
smaller than one half of that in oblique-incidence case although the angle ratio Ry is
still larger than one. The fact that an oblique geometry has a longer interaction length
for the same sample thickness can account for it. In conclusion, from the application
point of view, the normal-incidence geometry with an electric bias can be chosen,
especially for a low twist-elastic-constant NLC material.

Re

(a) (b)

FIGURE 8 Numerical results of (a) optimal reorientation ratio Rg, and (b)
optimal phase-amplitude ratio R§ versus the twist ratio a with I :
Ip = 1: 1. Other parameters are the same as used in Fig.2.

EXPERIMENTAL RESULTS
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The experimental results are obtained for MBBA at 1 KHz biased electric field with
Ar laser as light source. The experimental method for forward interaction is the

same stated in previous reports3.9.

FIGURE 9 Photographs of forward diffraction patterns. Static patterns when
both beams on an (a) voltage off, (b) voltage on. Transient
patterns when voltage on and (c) beam 2 blocked, (d) beam 1
blocked. Voltage and total intensity are 5 V and 12 W/cm2,
respectively. See Color Plate II.
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FIGURE 10 Experimental results of the diffraction efficiency versus the
reduced effective field for various optical intensities. Solid
lines are a guide to the eyes.

We present our observation of optically-induced-grating phenomena at first.
The photographs and their corrcspdnding physical pictures are shown in Fig.9. The
sample thickness was 75 um and the grating period was 92 pum. The total incident
intensity was about 12.0 W/cm2. Before the biasing voltage is applied, no
significant diffraction spots are observed. This means neither the reorientational nor
the thermal grating exists (Fig.9(a)). Two clear diffraction spots with significant
scattering noise aside can be seen while a 5-volt bias is applied in the sample .
(Fig.9(b)). To further check the existence of the phase grating, we took the picture
shown in Fig.9(c) sooner after one of the incident beams was blocked. The
response time of NLC is fairly slow such that we have sufficient time to take this
photograph. This transient pattern is directly derived from the quasi-static phase
grating, as schematically depicted aside, which can persist for several seconds.
Similar behavior is also shown in Fig.9(d) while the other beam was blocked.

Keeping other parameters fixed, the curves of measured diffraction efficiency
versus reduced effective field, for several incident intensities, show both single peak
and double peaks with unambiguous peak shifts’ (Fig.10). The dependence of peak
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occurrence’ on I; is shown in Fig.5(b). The curve of bgm has the characteristic
behavior as the theoretical prediction which is shown in Fig.5(a). The bgp, in
Fig.4(b) found by experiment spreads out with the increment of A as predicted in
Fig.4(a)

The backward interaction geometry is shown in Fig.1(c). The intensity of 1 is
measured as the first order diffraction intensity of the reverse incident beam I3. The
result is shown in Fig.7(c). It is in the typical single-peak diffraction regime.

DISCUSSION AND CONCLUSION

The effect of the finite beam size!! on the threshold intensity can be neglected since
the ratio of the spot size to the sample thickness is always larger than 5 in all our
experiment. The experimental results exhibit the same behaviors of the curves
predicted by the numerical calculation. However, there are some quantitative
discrepancies for the following possible reasons. Since a large part of the beam
energy is contained in the spurious background scattering, the measured diffraction
efficiency is always smaller than what is predicted by the theoretical calculation. In
addition, it is difficult to determine the exact optimal bias in the high-optical-field
experiments, because the simultaneous occurrence of self-phase modulation! effect
(several rings are observed in diffraction spot) makes it hard to distinct the
diffraction beam from the other spots.

The dependence of the optimal reduced effective field bgm for the diffraction
efficiency on the sample thickness is peculier. The detailed calculation and
experiment is in progress?. Nevertheless, the unique effect of thickness is obvious
since the nonlinear refractive index change decreases and the optical path increases
as the sample thickness increases. Consequently, the phase amplitude &1 peaks at
the unique optimal thickness dm = 0.21 (K 3/ K2)1/2 A instead of increaseing with d
monotonically.

In conclusion, the nonlinear DFWM process, including both the forward- and
backward-wave interaction geometries, in homeotropically aligned nematic liquid
crystals are studied. The prominent effect of electric field to this nonlinear optical
process is due to the critical behavior of the sample at the Freedericksz transition.
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The third-order nonlinearity of NLCs is characterized by the behavior of the field-
induced molecular reorientation and is essentially a Kerr-like effect.

According to the simplified scheme of a thin-sample geometry, a detailed
theoretical model including three elastic constants is established to describe he
periodically distorted structure of molecular reorientation, the formation of a phase
grating and its associated diffraction. The behavior of this DFWM is characterized
not only by the intrinsic properties of the NLC material but also by the experimental
parameters. The optimal biasing electric field is crucially influenced by the twist
deformation in the reorientational grating and the competing influences of splay and
of bend elastic torques on the molecules. This is shown by the dependence of
optimal reduced effective field, bym for diffraction efficiency, on the optical intensity
I;, the grating period A and the elastic-constant-ratios, namely, K3 /K3 and K .

The uniqueness of the electric field effect on the DFWM is shown by comparing
the behavior of induce phase grating in field-biased and normal-incidence case with
that of the oblique incident geometry without electric bias.
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